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o Critical offspring law : {px; kK > 0} s.t. >, <, kpk = 1 and
S oo kPpk — 1= 02 < c0.

Model:

@ At time 0, root p located at S, =0 € VAR

@ At time n+ 1, any particle u of the n-th generation dies and
produces independently N, children and from S, the position
of u, each child makes a jump according to X. N, is
distributed as {px; k > 0}.
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Critical branching simple random walk in Z¢

@ Step size of SRW : P(X =e) = 1+2d, Vlely < 1.

o Critical offspring law : {px; kK > 0} s.t. >, <, kpk = 1 and
S oo kPpk — 1= 02 < c0.

Model:

@ At time 0, root p located at S, =0 € VAR

@ At time n+ 1, any particle u of the n-th generation dies and
produces independently N, children and from S, the position
of u, each child makes a jump according to X. N, is
distributed as {px; k > 0}.

e For any B C 79,

Z 15u€B7
|ul=n

where |u| denotes the generation of u. {Z, = Z,(Z9)} >0 is a
critical GW process which becomes extinct a.s:
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Survival probability in B at time n

For any fixed finite set B C Z¢,

Po(Zs(B) > 1) ~?

e Kolmogorov'1938 showed that P(Z, > 1) ~ % as n — oo.

2n
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Survival probability in B at time n

For any fixed finite set B C Z¢,

Po(Zs(B) > 1) ~?

e Kolmogorov'1938 showed that P(Z, > 1) ~ % as n — oo.
@ When d > 3, Rapenne’2022+ obtains that

Go|B|

Po(Zn(B) > 1) ~ Constant x Pn(B) ~ ——-.
nd/2

where Pp(B) = Po(S, € B) with {S,}n>0 simple random walk
in Z9. Moreover,

Bo(Zn(B) € -1Za(B) > 1) = pa(-).
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How about d = 27

@ Durrett'1979 proved for critical branching Brownian motion in
R?, if B is a bounded open set with [0B| = 0,

87 Zn(B)

4

—h

> h) ~ Vh> 0.
0(Iogn |B] ) e nlogn

81 Zn(B) 4
= Po(Zn(B) > 1) = Po(logn B > 0) znlogn'
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How about d = 27

@ Durrett'1979 proved for critical branching Brownian motion in
R?, if B is a bounded open set with [0B| = 0,

8r Z,(B) ;
P h) ~ vh > 0.
0(Iogn |B| ) e nlogn’ -
81 Zn(B) 4
= Bo(Zu(B) > 1) = Bo(j 1 Tp > 0) 2 o

o Lalley-Zheng'2011 proved that if B = {x} C Z?, offspring is
critical binary pg = p» = 1/2, motion is SRW,

Pn(X) C1 ‘X’2
_ ) o py(Za(x) > 1) < — 2 exp(— G X
G+ Cylogn — o(Zn(x) = )_nlogneXp( C2 n )
where Pp(x) = Po(S, = x) with {S,}r>0 simple random walk.
Note that . , 1)
_5X%  Op
Pn(X) = me 4n + T

Xinxin Chen Yaglom for CBRW



Yaglom theorem for CBRW in 72

Table of Contents

© Yaglom theorem for CBRW in Z?

Xinxin Chen Yaglom for CBRW



Yaglom theorem for CBRW in 72

Yaglom theorem for CBRW [C. He and Lin'2022+, in progress|

When d = 2, if Zk e‘;kpk < oo for some § > 0, then
@ uniformly for x € 72,

Pn(x) 1
Po(Z, >1)= :
0(Zn(x) 2 1) csrwo?logn o(nlogn
where Py(x) ~ SBY if |x| = o(y/n).
@ for any fixed bounded set B C 72,
Po(Zy(B) > 1) ~ ———:
SIS o2nlogn’

© further, for z, € Z? such that z,//n — z € R?,

£ Zy(zn + B)
CSwaB‘ Iogn
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Critical BRW in Z?2

classical Yaglom theorem

For critical GW process {Z,}n>0,

g

oz a’n/2

1Z, > 1) — Exp(1).
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Critical BRW in Z2

classical Yaglom theorem

For critical GW process {Z,}n>0,

Zy

E(O' 2n/2

1Z, > 1) — Exp(1).

Theorem[C. He and Lin'2022+, in progress]

When d =2, if 3, e’*py < oo for some § > 0, then for any

x| = O(v/7),
Z, Zy(x)

£ Zo(x) > 1) = (T(2, 1), Exp(1).

indep.

a2n/2’ csgry log n
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CBRW at typical position

At time n, given {Z, > 1}, choose uniformly one particle among
Z, alive ones and denote its position by S} which is called typical
position.
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CBRW at typical position

At time n, given {Z, > 1}, choose uniformly one particle among
Z, alive ones and denote its position by S} which is called typical
position.

Theorem [C. He and Lin'2022+, in progress]

When d =2, if 3, **px < oo for some § > 0, then,

E Zn(sn)

Z,>1) = [(2,1).
CSRW|0g”| 21 =121

This confirms a conjecture of Lalley-Zheng'2011.
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CBRW at typical position

At time n, given {Z, > 1}, choose uniformly one particle among
Z, alive ones and denote its position by S} which is called typical
position.

Theorem [C. He and Lin'2022+, in progress]
When d =2, if 3, **px < oo for some § > 0, then,
Z *
L ﬁﬁn >1)—T(2,1).
csrw log n

This confirms a conjecture of Lalley-Zheng'2011.

Let Q, = > <72 L{z,(x)>1} be the number of occupied sites.

Lalley-Zheng'2011 showed that conditioned on {Z, > 1},
Q, = Op( ), Vi = maxZ,(x) = Op(log n)>.

n

log n

Xinxin Chen Yaglom for CBRW



Survival probabilities at two sites for CBRW

Table of Contents

© Survival probabilities at two sites for CBRW

Xinxin Chen Yaglom for CBRW



Survival probabilities at two sites for CBRW

Survival at two sites

Observations:

o For Q, the total number of occupied sites at time n,

Bol] = 3 Po(Zi) 2 a3t ]

2 2 :
csrwo=logn  csgpwo©logn
ot = CSRW g SRW g

So, Eo[Q,]Z, > 1] ~ CQiggn- 1 he second moment is

Eo[Q2] = ) “Po(Zn(x) > 1,Z4(2) > 1)
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Survival at two sites

Observations:

o For Q, the total number of occupied sites at time n,

Bol] = 3 Po(Zi) 2 a3t ]

2 2 :
csrwo=logn  csgpwo©logn
ot = CSRW g SRW g

So, Eo[Q,]Z, > 1] ~ CQiggn- 1 he second moment is

Eo[Q2] = ) “Po(Zn(x) > 1,Z4(2) > 1)

Question: Po(Z,(x) > 1, Z,(x + z,) > 1) with |x| = O(y/n) and
|zn| = £n € [1,/n].
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Theorem[C. He and Lin'2022+, in progress]

When d = 2, if 3, e’ py < oo for some § > 0, then for £, = |z,|
and [x| = O(v/m),
Q ifl,= no(l), then

Po(Zn(x) > 1, Zy(x + zn) > 1) ~ Po(Zn(x) > 1);
Q if /, = n? with a € (0,1/2), then
1-2a
l=a"

Q if z,/\/n— z1 #0 and x/\/n — zy (£, ~ constant x \/n),
then

Po(Zn(x) > 1, Zp(x + z5) > 1) ~ Po(Zn(x) > 1)

7(207 21)02

Po(Za(x) 2 1, Zn(x + 20) 2 1) ~ Bo(Zy(x) 2 1) 2
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Theorem[C. He and Lin'2022+, in progress]

When d =2, if 3, €’*py < oo for some & > 0, then for £, = |z,|
and |x| = O(y/n),
Q ifl,= n"(l), then
r Zo(x+zn)  Zn(x)
csrw log n” csgpw log n

|Zn(x) > 1) = (Y, Y).

where Y is Exp(1) random varaible.

Q if z,//n— z1 # 0 and x/\/n — zy (£, ~ constant x \/n),
then

r Zo(x+2zn)  Zn(x)
csrw log n” cspw log n

Zo(x) > 1, Zo(x+2,) > 1) — (Y, Y)

where Y’ Y are independent Exp(1) random variables.
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Conjecture on survival at two far away sites

If |z,| = n? with a € (0,1/2), we conjecture that

Zo(x+2zn)  Zn(x)

Zy(x) > 1, Z, n) > 1 Y, Y
CSRWIOgn’CSRngn’ (x) > (x + zn) ) = (Vs Y)

£(

where Y; and Y are correlated.

Moreover, given {Z,(x) > 1} N {Z,(z) > 1}, one could consider
the most recent common ancestor of particles at {x, z}.
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Number of occupied sites €2,

Consequently,
Eo[Q2[Z, > 1] ~ 2c3n?/(log n)?.
Recall that Eo[Q,|Z, > 1] ~ CQ@'
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Number of occupied sites €2,

Consequently,
Eo[Q2]Z, > 1] ~ 2c3n?/(log n)?.
Recall that Eo[Q2,]Z, > 1] ~ cqrb

logn-

Theorem[C. He and Lin"2022+, in progress|

When d =2,if ), ek p < oo for some & > 0, then

Q,

——" 17, >1) = Exp(1).
ch/logn’ > 1) = Exp(1)
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Number of occupied sites €2,

Consequently,
Eo[Q2]Z, > 1] ~ 2c3n?/(log n)?.
Recall that Eo[Q2,]Z, > 1] ~ cqrb

logn-

Theorem[C. He and Lin"2022+, in progress|
When d =2,if ), ek p < oo for some & > 0, then

Q,
—|Z,>1 Exp(1
ch/Iogn’ ) — Exp(1).
Lalley-Zheng'2011 proved that when d > 3,

(Q,, Zp
cn’ 02n/2
with Y ~ Exp(1).
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1Z, > 1) = (Y, Y).
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@ Take the most recent common ancestor a, of all alive particles
in Z,, let its generation be U,. Note that a, has 2 children
which have descendants in Z, with probability 1 — 0,(1). And
Un/n= U]0,1].

Q, Qf,l_) u, + Qﬁz_) U, — intersection of 2 sub-families

n/logn n/logn
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@ Take the most recent common ancestor a, of all alive particles
in Z,, let its generation be U,. Note that a, has 2 children
which have descendants in Z, with probability 1 — 0,(1). And
Un/n= U]0,1].

Q, Qf,l_) u, + Qﬁz_) U, — intersection of 2 sub-families

n/logn n/logn

@ Intersection part is negligible. So the limiting dist. equation is
Q <y + @)
where U ~ U[0,1] independent of others, Q1) Q) are i.i.d.
copies of €. So, Q is of exponential dist.
© Mallows distance on probability measures can be applied here

d(p,v) = ijﬂfmu E[(X = Y)?]
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Conjectures

Q V, = max, Z,(x)? V, = Op(log n) when d > 3. Similarly,

VA ERYIC)
Yo max{n=be YnmUny oy 2 oy @)y
log n logn * logn

So V is some constant ¢ € [0, c0]. Conjecture:
V,/logn LN ¢4 € (0,00) for d > 3.

@ We should have V,, = Op(log n)? when d = 2. Conjecture:
V,/(log n)? 5 o ford=2.

@ In stead of Mallows distance, what kind of distance can we
use here?
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